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Abstract

In this paper we have introduced and studied the subclass DR » (A, d, @, 3,7) using the fractional integral
associated with the convolution product of generalized Saldgean operator and Ruscheweyh derivative. The
main object is to investigate several properties such as coefficient estimates, distortion theorems, closure
theorems, neighborhoods and the radii of starlikeness, convexity and close-to-convexity of functions belonging
to the class DRmn(A, d, o, B,7).
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1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C: |z| < 1} and H(U) the space of holomorphic
functions in U.

Let A(p,)) ={f € H(U): f(2) =2 +372 a7, zeU}, with A(1,1) = Aand H[a,l] = {f € H(U) :
f(z)=a+az + a2t +..., 2€ U}, where p,l €N, a € C.

Definition 1.1 (Al Oboudi [2]) For f € A, a > 0 and m € N, the operator D" is defined by D' : A — A as
follows:

Dyf(2) = f(2)

Dof(z) = (1—a)f(2) +azf'(2) = Daf (2)

Dif(z) = (1—a)Dg 'f(2) +az (D f(2) = Da (D5 f(2)), 2€U.
Remark 1.1 If f € A and f(2) = 2+ Y25 a;27, then D' f (2) = 2+ 3202, [1+ (j — 1) o)™ a;27, z € U.
Remark 1.2 For a =1 in the above definition we obtain the Sdlagean differential operator [5].

Definition 1.2 (S.T. Ruscheweyh [1]) For f € A and n € N, the operator R™ is defined by R™ : A — A as
follows:
Rf(2) =
R'f(2) = =2f(2)

|
~
—~

N

(n+1)R"™f(z) = 2(R"f(2)) +nR"f(z), zeU.

Remark 1.3 If f € A, f(2) = 2+ 72y a;27, then R f (2) = 2+ 372, #&Z)(j)ajzj forzeU.
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Definition 1.3 Let n,m € N. Denote by DRI"" : A — A the operator given by the convolution product of the
generalized Salagean operator S™ and the Ruscheweyh derivative R™:

DR f (2) = (Dg' * R") f (%), (1.1)
for any z € U and each nonnegative integers m,n.

Remark 1.4 If f € A and f(2) = 2+372 5 a;27, then DR f (2) = 2+ 372, [1+ (j — 1) of™ %a%ﬁ
zeU.

Definition 1.4 (/3]) The fractional integral of order A\ (A > 0) is defined for a function f by

- 1L f®)
DZAf(Z)_FO\)/O =t (1.2)

where f is an analytic function in a simply-connected region of the z-plane containing the origin, and the
multiplicity of (z —t)*~" is removed by requiring log (z — t) to be real, when (z —t) > 0.

From Definition 1.3 and Definition 1.4 we get the fractional integral associated with the convolution product
of generalized Salagean operator and Ruscheweyh derivative,

1 ["DRZ"f (1)
L'(A) Jo (z—t)lf’\

Lo = R r N A
F()\)/o (z_t)Hd”;[”(] Vel s T+ DT () j/o (Z_t)lf)\dt’

DDRE"f (2) =

which has the following form, after a simple calculation,

DIADR™™ f (2) = 1 ZA+1+§:[1+(j*1)a]ij(n+j)a2.Zj+,\

I (A+2) & T+DT(G+r+1 77 7

for the function f(z) =2 +>272, ajz’ € A. We note that D;A*DR™" f () € A(A+1,1).
Remark 1.5 For a = 1 we obtain the operator D;*SR™" defined and studied in [1].

Definition 1.5 Let the function f € A. Then f is said to be in the class DRy, n(A, d, o, B,7) if it satisfies the
following criterion:

’1 < 2(D;ADRy™ f (2)) +72*(D;*DRy™f (2))" 1)‘ <3 (1.3)
d \ (1 =~)D;*DRJ"™f (2) + v2(D7*DRY"™ f (2))’ ’ '

where A\>0,d e C—{0},>0,0<8<1,0<y<1,mneN, zeUl.

In this paper we shall first deduce a necessary and sufficient condition for a function f to be in the class
DRpmn(A d,a, 8,7). Then obtain the distortion and growth theorems, closure theorems, neighborhood and
radii of univalent starlikeness, convexity and close-to-convexity of order §, 0 < § < 1, for these functions.

2 Coefficient Inequality

Theorem 2.1 Let the function f € A. Then f is said to be in the class DRy, n(X, d, v, 8,7) if and only if

oo

S AU DO (s @a= 24 81d) + 15+ A=) + 1 (= 1+ 51d)}

Jj=2

<A+ (Bl =) i)

where A>0,d € C—{0},>0,0<8<1,0<y<1,mmneN, zel.
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Proof. Let f € DR, (N, d, «, B8,7). Assume that inequality (2.1) holds true. Then we find that

2(D7ADRI" f (2)) +v2*(DADRI"f (2))"
(1—9)Dz*DR"™f (2) + v2(Dz *DR3"" f (2))

A+1 1+(j—1)a]™ 4T (n+ . . .
0D 1 yoe ) DAl IRtd) (32 2y (A= 1) + 1] + (A — D [y (A — 1) + 1]} 229

<
A1 14+(j—1)a]™jT(n+j . - =
e+ D0 RSt s b+ (A = 1) + 1 af
AMar+1 [ 1+ —1Da]™ T (n+j . . .
Ky + St Mttt (97 YO - D1+ A= D A=)+ UYad | s

al+1 A+ =1)a]"jT(n+]) [ 5 i—
TOHD ~ 2ojer TIDTGAD S (A= 1) +1]af 2771

Choosing values of z on real axis and letting z — 17, we have

— 1+ (G — 1) )" 4T (n+ ) e

NESE +hEx=2+481d) +1 i+ (A =1)+1A=1+8d])} a3

j=2
I'(n+1)
r(A+2)°
Conversely, assume that f € DRy, (A, d, @, 8,7), then we get the following inequality

Re { 2(D;7*DRZ™ f (2)) + 22 (D;*DRI™ f (2))"
(1 —~)Dz*DRI"f (2) + v2(D DRI f (2))

<(A+DBld =N

- 1} > —p3|d|

A(yA+1) AL [1+G—1D)a]™jT(n+5) -2 . 2 _j+X
Red ToEm 2 A W){'}M +£2v(/)\f1)+1]J+(/\71)[v(/\71)+1]}asz 1484 >0
A1 1+ (G—Da]™jl(ntj - "
Ry AT, BRI D [y by (A—1)+1]a229 42

CAEDGIA=) M1y shee | DEGZDeTITD) L1524 [y (22— 24 B]d]) +1]5+[y(A=1)+1](A~1+5]d]) }aZ 27+

Re Fz;ié)ZAJFl_i_Z;iz [14;(({1111))?(7;21;(4:?;]') [’yj-&-’y(k—l)—‘—l]a?zj** > 0.
Since Re(—e'?) > —|e??| = —1, the above inequality reduces to
OADBIEZA A+ 3o —Hr((illf)?]g;ﬂi’ﬁ”{vf+[~/(2A—2+B|d|)+1]j+[~f(A—1)+1](/\—1+ﬂ|d\)}a§ri“j -0

P2, DB 2 i1 =D+ 1lar '
Letting » — 17 and by the mean value theorem we have desired inequality (2.1).
This completes the proof of Theorem 2.1 m

Corollary 2.2 Let the function f € A be in the class DRyn(N, d, o, 3,7). Then
T'(n+1)
(A1) (Bld] = A)
o < T(\+2) j>2

=\ BEUTDRITITOD) (g2 fy @A~ 24 Bld) + 15+ [y (A= D)+ 1 (A~ 1+ 8d])}

3 Distortion Theorems

Theorem 3.1 Let the function f € A be in the class DRy, (N, d, o, 8,7). Then for|z| =r < 1, we have

r— (’7)‘""1) ()‘+2) (ﬂ'd‘_)‘) r? < |f(Z)‘
21+ )" (n+ 1) {A+ 1) [y A+1+8d)+1]+8d} —

- (A + 1) (A+2) (Bld] = \) 2.
- 21+ a)" (n+1){(A+1) [y ()\+1+B|d|)+1]+6|d|}

The result is sharp for the function f given by

A+ A+2)(Bld] =N 2,

f(Z):Z+\/2(1+a)m(n+1){()\+1)[ G 1By ey
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Proof. Given that f € DR, (A, d,«, 8,7), from the equation (2.1) and since
20+ a)" (n+ D) {A+ 1) [y A+ 1+3|d])+ 1]+ Bld|}

is non decreasing and positive for j > 2, then we have

V2A+ )" 4+ DA+ ) [y (A + 1+ B1d) + 1]+ Bl S a, <

=2

Z\/[1+(j—1)04]7”‘7'1“(“”') {72+ v @ =2+ Bld) + 1]+ [y (A= 1) + 1] (A — 1 + Bd|) }a;

= FG+A+1)

<\/<w+1>w|d|—A>m,

which is equivalent to,

ia,< (A +1)(A+2) (Bld] —A)
o7 V204 0)" A DA+ D) [y A+ 1+ Bld]) + 1]+ Bldl}

Using (3.1), we obtain
f2) =24 a7
j=2

o0 00 o
VETNES SR NI S
j=2 =2 =

s (A +1) (A +2) (Bd] — N 2
- 20+ a)" (n+ D) {A+D) [y A+1+8|d)+1]+8ld|}

Similarly,

PR (A +1) (A +2) (Bld] = V) 2
- 204+ a)"(n+ D) {A+ D) [y(AN+1+8|d)+1]+Bld|}

This completes the proof of Theorem 3.1. m

Theorem 3.2 Let the function f € A be in the class DRy, n(A, d, v, 5,7). Then for |z| =r <1, we have

_\/ 2(YA+ 1) (A +2) (B]d] — \) r< | (2)]

I+a)" (n+D){A+1)[yA+1+8]d])+ 1]+ Bd|}

< 202+ (A+2) (Bld] = M) ,
TV A+ )" e+ D{A+ Dy A+ L+ Bldl) + 1]+ Bldl}

The result is sharp for the function f given by

A+ A+2)(Bld] = A) 2

f(z)ZJF\/2(1+a)m(n+1){()\+1)[7()\+1+ﬂ|d|)+1]+B|d|}z 2l

Proof. From (3.1)
o0
F@) =143 jo;z™"
j=2

FRI 1= dalzP ™ <1+ jari=t <
j=2 j=2
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L+¢ 2(A+1) (A +2) (31d] ~A)
1+a)"(n+1){A+1)[y (A+1+B|d|)+1]+6|d|}

Similarly,

|f,(z)>1\/ 202+ 1) (A +2) (Bld] =N .
= V@ T DO+ D O 1+ Bl 1T+ B}

This completes the proof of Theorem 3.2. m

4 Closure Theorems

Theorem 4.1 Let the functions fr, k =1,2,...,1, defined by
z)=z+ Zaj7kzj, ajr >0, z€U, (4.1)
be in the class DRy, n(A, d, @, B,7). Then the function h defined by

Z):Zﬂkfk(z)’ lezov ZEUa

is also in the class DRy, n(A, d, a, B,7), where

1
Zﬂk =1.
k=1

Proof. We can write
ZMZ+ZZM% e = Z+ZZM% k2
k=1 j=2 j=2k=1

Furthermore, since the functions fx, k = 1,2, ...,1, are in the class DR, (A, d, @, 8,7), then from Corollary 2.2
we have

Z\/ = j—yl)+]wf€)(n+j) {2+ ly@A=248d) +1]j+ [y (A=1) + 1] (A =1+ B]d])}a,

Jj=2

S\/(7A+1)(5|d|_)‘)m

Thus it is enough to prove that

Zw”@?)“]mm"”) (24 @A =24 Bld) + 117+ (= 1)+ 1 (A — 1+ Bld))} (ZM%k) -
k=1

ukZ\/[H U DAL by oA -2 81d) + 115+ b 0= ) +1 (= 1+ Bl

<Zuk\/vx+ ) @1l =N Ty = wmﬂﬂmcu—nm.

Hence the proof is complete. m

Corollary 4.2 Let the functions fi, k = 1,2, defined by (4.1) be in the class DRy n(A, d, o, 8,7). Then the
function h defined by

is also in the class DRy n(X, d, @, B,7).
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Theorem 4.3 Let
fl (Z) =z,

and

2J

(YA +1) (Bld] = \) £33
fi(z) =2+ [1+G—Da]" 4T (n+j4)
TG+A+T) {vi2+lv@A=2+8ld)+1]j+[y(A -1 +1 (A -1+ Bd])}

ji>2,zeU.
Then the function f is in the class DRy n(A, d, v, B,7) if and only if it can be expressed in the form

f(z) =mfi(z +Z:ujfj zeU,

where 11 >0, p; >0, 5> 2 cmd,ul—i—zjzzuj =1

Proof. Assume that f can be expressed in the form

f(z) = pfr(z +Zﬂgfj

e} I'(n+1
S | (YA + 1) (Bld] = A) T )
o\ ROt 2 [y (20— 24+ Bld]) + 15+ [y (A= D) + 1] (A= 1+ 8d])}

Thus

I

<
Il
N

J“*“&}i&’"ﬁﬁ"ﬂ (2 + @A =2+ Bld) + i+ (A= D+ YA -1+ 8ld)}

n+1
(YA +1) (Bd] - ) 15=R

(YA +1) (B1d] = ) Fe3) N
G DT {52 4 [y (23— 2+ Bld) + 14+ [y (A= 1) + 1] (A= 1+ Bd)}

o0
ZZug:l—mSl.
=2

Hence f € DRpyn(A, d, o, 5,7).
Conversely, assume that f € DRy, (A, d, «, 8,7).

Setting
DAl L) (52 4 [y (20— 24+ B1d) + 15+ by (A — 1) + 1 (A — 1+ 8|d])}
Ky = n g,
(YA +1) (Bld] = N) F5e3)
since -
pr=1- Zujo
j=2
Thus

f(z) = pfi(z +Zﬂafa

Hence the proof is complete. m

Corollary 4.4 The extreme points of the class DRy, n(A, d,a, B,7) are the functions

fi(z) ==
and
(YA +1) (Bl = V) 7533 |
fi(2) =2+ \| TG —nar e 1o 2
o P @ =2+ 8ld) + 1]+ [y (A= 1) + 1] (A =14 Bld])}
7>2,zeU.
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5 Inclusion and Neighborhood Results

We define the §- neighborhood of a function f € A by
Ns(f)={ge A:g(z —z-l—szJ and Zﬂaj b;| <6} (5.1)
In particular, for e(z) = 2
Ns(e) ={ge A:g(z —z+szJ andZ]|b|<6} (5.2)

Furthermore, a function f € A is said to be in the class ‘D'Rﬁ%n()\,d,a,ﬁ’y) if there exists a function h €
DRpmn(A d,a, B,7) such that
‘2_1’<1—§7 zeU, 0<€E<1. (5.3)
Z

Theorem 5.1 If

. 2(A+1) (A +2) (B1d] = V)
T+ (nt D{(+ ) [y O+ 1+ Bd) + 1]+ Bldl}

then
DRm,n()\7 d7 «, 57 7) C Né(e)'

Proof. Let f € DR, n(A, d, @, 5,7). Then in view of assertion of Corollary 2.2 and since

1+G-Dof"jT (n+ ) {772

NES WY @ N=248ld)+1]j+[y(A=1)+1](A—1+8]d|)}

(1+a)"T(n+2)
AT (A +3)

> {A+D) [y (A +1+81d]) + 1]+ Bld[}

for j > 2, we get

\/(1 +4?‘)(AF+(§>+ DO+ )+ 148]d) +1]+ 8 |d|}jz:;“f =

Z\/1+ (G —1a]” JT(”Jrj){fyj2+[7(2>\72+5|d|)+1]j+[y()\fl)+1](/\71+ﬂ|d\)}aj

= F(j+X+1)
<\/<w+1><ﬁ|d|—A>m,

which implise

o, (A +1) (A+2) (8]d] — )
j;a] : \/2(1+a)m(n+1){(k+1) YN+ 1+ Bld]) + 1] + Bld]} (5-4)

Applying assertion of Corollary 2.2 in conjunction with (5.4), we obtain

= 2(7A+1) (A+2) (81| - ) _
Z:] <\/<1+a>’"<n+1>{u+1)h<A+1+ﬂ|d|>+1]+/3|d|} 0

by virtue of (5.1), we have f € Ns(e).
This completes the proof of the Theorem 5.1. m
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Theorem 5.2 If h € DR,,..(\, d,c, B,7) and

0 (VA + 1) (A+2) (Bld] - A)
2\/ (5.5)

E=1+- 20+a)" (n+ D) {A+ D[y AN+1+8d]) + 1]+ Bd]}’

then
N5(h) c Dan,n(Aa d,a, 3, ’Y)

Proof. Suppose that f € Ns(h), we then find from (5.1) that

> il —b <5,
j=2

which readily implies the following coefficient inequality

Z |aj - b7| < g (56)
j=2

Next, since h € DRy n (A, d, @, 8,7) in the view of (5.4), we have

", (PA+1) (A+2) (8]d] - A
jz:;bj : \/2(1+a>m(n+1){(k+1) YA+ 1+Bld)+1]+Bld} (5.7)

Using (5.6) and (5.7), we get

‘f(z)_1’<2§32|aj—bj|< J ¢
h(z I (ATDO+2) (Bld =) B ’
=) 2j=abi "2 (1 - \/2(1+a)’”(n+1){(A+1)[v(/\+1+l3\d\)+1]+6|d|})

provided that ¢ is given by (5.5), thus by condition (5.3), f € Dan’n()\, d,a, B,7), where £ is given by (5.5). =

6 Radii of Starlikeness, Convexity and Close-to-Convexity

Theorem 6.1 Let the function f € A be in the class DRy, n(A, d, o, 8,7). Then f is univalent starlike of order
5,0< <1, in|z| <ry, where

%
o R (02 4 [ @A 24+ Bld) + 1+ A=D1+ 8} |
1 — 11

J (YA +1) (Bld] = N) T5ER (G - 0)?

The result is sharp for the function f given by

T'(n+1)
F(2) = 2+ (A+1) Bldl =N 75099 S j>2
i(z) = T . . . i>2
LG DOITT0ED (52 4 [y (20 — 2+ B1d]) + 1) + [y (A — 1) + 1] (A — 1+ 8 |d])}
Proof. It suffices to show that 702
2f'(z
—-11<1-6 .
e ‘ stoe ksn
Since - _ - . _
zf'(z) 1’ _ > =i — Dajz/~1 >l — Dag|z[~*
f(2) 1—|—Z§i2 a;zF=1 7| = I—Z?;2aj|z\j—1 ’

To prove the theorem, we must show that

>, —Da;lzlit
Sl = Daglpt

1=3 a2t~
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It is equivalent to
[ee]
Z]—5a]|z|] L<1—0,
j=2

using Theorem 2.1, we obtain

(1 — (5)2 [1+(j;(1}i]$11;(n+j) {,ij + [’y (2)\ —-24+p |d|) + 1]] + [’V ()\ _ 1) + 1} ()\ ~1+8 |d|)} 23G-1)

2] < e
(YA + 1) (Bld] - A) et D (5 — g2

Hence the proof is complete. m

Theorem 6.2 Let the function f € A be in the class DRy n(A, d, o, 5,7). Then f is univalent convex of order
5, 0<6 <1, in|z| < rq, where

- (1 — 02 LEUDABIROED £ 4 [y (A — 2+ Bld) + 15+ [y (A= 1) + (A= 1+8d)} | 7"
To = 1N - .
J (YA + 1) (Bld] = A) £33 (G — 6)?

The result is sharp for the function f given by

(WA +1) (Bldl - ) ity ;

fi(z) =2+ e —— :
T I N| TG (72 1 [ (20— 2.4 B 1d]) + 1 Y NN PR ST

Proof. It suffices to show that

21"(2)
<1-46, |z <ro.
) A=
Since o )
z2f"(z)] Z] 237 — 1a, 207! Zj:Qj(j - 1)aj|z‘]71
(2) 1+Zy:2]‘1ﬂj 1*Zﬁzjaj|z|jfl

To prove the theorem, we must show that

S5l =Dyl
I SV TIE

D i =)l <14,

using Theorem 2.1, we obtain

ot 0=0) WU D) (52 4 [y (2A = 2+ Bld]) + 1] + [y (A = 1) + 1] (A= 1+ B1d])}
=3G-9 (A +1) (8 |d] — ) Fe= D) |
or
< (1 — 0)? R DO (52 4 [y (20— 24 Bld]) + 1]+ [y A= D+ (A =1+ 8} | 77
- (YA +1) (Bld] = N) TEER (G — 6)?

Hence the proof is complete. m

Theorem 6.3 Let the function f € A be in the class DRy n (A, d, @, 8,7). Then f is univalent close-to-convex
of order 6, 0 < § < 1, in |z| < r3, where

=D
o O PRI (02 4 @A 24 Bl + 1+ A - DA -1+ S} |
3 = 11 n .
s (YA + 1) (Bld] = \) 1553

The result is sharp for the function f given by (6.1).
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Proof. It suffices to show that
F(2) -1 <1-6, |z <rs

Then
e .
2)—1| = Zmzﬂ <D daglal
j=2

Thus |f'(z) — 1] <1-4 if ZJ 9 f%{s |2]9=1 < 1. Using Theorem 2.1, the above inequality holds true if

[14+G-=D)a]™jT (n+7)

|Z|j_1§ (1—5) T(j+A+1) v+l @A=2+B8ld)+1j+[yA=1)+1](A—1+8]d)}
J (YA+1) (B 1d] - A) EotD
or
o [0 R G b A -2 4 51+ U5+ b - Tk} | T

(YA +1) (8] - X) 15

Hence the proof is complete. m
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